Lesson Notes:  [image: image87.wmf]p

1

 + [image: image88.wmf]q

1

  = [image: image89.wmf]r

1

                                                                                                                © 2005 Andrew Blair  



[image: image1.wmf]p

1

 + 
[image: image2.wmf]q

1

 =  
[image: image3.wmf]r

1


	Topics 

	· Addition and subtraction of fractions
· Negative Indices 
· Operations with algebraic fractions

· Proof
	


Lesson 1 Mixed ability, Year 8
· The lesson starts with the prompt on the board and the teacher modelling the self-question ‘I wonder what I could ask myself about this formula’. Students are encouraged to work in pairs. Those without any idea of how to proceed might receive the further self-question ‘I would ask if I’ve ever seen anything similar.’ After a few minutes, the teacher asks for questions and writes the following on the board without comment:

Does it ever work?

Is there only one answer?

How do you add fractions?

What does it mean?

Are they fractions if they have letters?

What do p, q and r stand for?

It’s wrong, isn’t it, because 1 and 1 make 2?
· The class then discusses the approach it will take. Many argue that numbers can be substituted into the formula, and, under the teacher’s guidance, it is agreed that numerical examples will be sought. 
· Very quickly all pairs find 
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 or similar examples. The teacher stops the class after 5 minutes to assess progress, and asks three students to model their methods for adding fractions. She leads the discussion onto a case with different denominators.
· Some students are unhappy with the examples on the board, contending that the three denominators must be different. Even though the teacher explains that p and q could be the same, she thinks it would be more challenging to look for examples in which the variables took different values. Pairs, however, could continue with p = q if they wish and report on the examples they find. Most students look for examples where p ≠ q.

· After 15 minutes, the teacher stops the class again and takes the opportunity to praise two students for an exchange she had overheard (and actively guided). One student had declared that he had ‘lost focus’. Another reacted to this self-monitoring of performance by asking the student to explain the last thing he had done. Such other-regulation was highly desirable and to be encouraged concluded the teacher.

· On asking for a numerical example from each pair, she receives:
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and 3 more using multiples of the denominators 
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· The teacher asks for comments, and, after some coaxing, receives the comment that ‘some denominators are double others’. She then invites students to suggest what the class might do to make progress. Immediately an able student proposes to make two lists of the ‘doubles’ and the ‘originals’. Another says the class can ignore the ‘doubles’ because ‘you can make as many of them as you want if you have the starting one.’ The teacher accepts the suggestion to isolate the ‘originals’, and asks students to identify them:
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· The teacher studies the board in silence. ‘I can see a pattern’ interjects one student, observing that p + 1 = r (describing the relation in words) and another quickly adds that pr = q (again in words). The teacher again asks the students to regulate the progress of their work. They have two minutes to discuss the next step in pairs. In the ensuing class discussion, the teacher guides students to explore a ‘shorter way’ for writing the relations, or generate new numerical values for p, q and r.

· Plenary: The teacher’s plan to highlight examples of other-regulation or co-regulation from the lesson is abandoned when she comes across a student (who has not previously contributed to the lesson) generating examples in the form of 
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. The student explains his instructions (starting with n, then adding one and finding the product of the two numbers) to the class and gives an example when n = 6. The teacher finishes the one hour lesson by involving the class in writing out the formal algebraic notation for the instructions. 
Lesson 2 GCSE Higher tier, Year 10
The teacher asks students for a thoughtful comment or question:
	¼ + ¼ = ½

Can p and q be the same?  

Is p + q = r?

Could p, q or r be negative?
Is p bigger than q?
p and q must be at least half of r. 

If p and q are equal, then r is half of p and q.


Groups choose one of the questions or statements to discuss for 15 minutes and then feed back their results:
	Groups 1 and 7
	If p = q, then p + q ≠ r, ‘but only certain values of p and q work.’ This leads onto the conjecture that if p = q (and p, q are even) ‘then it all fits’. For example, ¼ + ¼ = ½ and ½ + ½ = 1/1.
A student offers a counter-example when p = q that does not work: 
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.  A student from group 1 points out that p and q are odd, which breaks the condition that they should be even.
Teacher regulation: The teacher thinks the class is ‘too caught up on p and q being the same.’ He re-focuses the class by posing the question from the exploration phase: Could p or q or r be negative? 

	Group 2

	A member of the group said that rearranging the formula 

led to negative values: 
[image: image40.wmf]p

1

-

 + 
[image: image41.wmf]r

1

 = 
[image: image42.wmf]q

1

. The group reports that it reached an impasse with: 
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	The teacher responds by asking: ‘Is this the same as p, q or r being negative?’

	Group 4
	The group suggests using indices. One student reminded the class that: 
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 = 10-1. Another student asks: ‘Does that help us?’ to which there is no reply.

	Group 5
	A student reports that the group had discovered 
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 and gave, on the teacher’s request, the equivalent fractions  
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 to show it worked.


The teacher puts the following hints and questions on the board to focus thinking:
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The groups then work for a further 15 minutes before a class discussion:
	Group 1
	The first group suggests that 
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  works because 3 x 4 = 12. They use another example to support their own conjecture            
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.  There is a difference of 1 between p and r: 3 – 2 = 1 and 2 x 3 = 6 (q). As 
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, then p = 3 and q = 2.

	Group 3
	The group reports that it started by asking itself why 
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 works. They confirmed that 
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 does not work.   

Some more answers came from the ‘original’ by ‘multiplying up’:  
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 with each denominator doubled, but 
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. A student adds that
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which is the original multiplied by 8. A second student interjects, claiming that they divided the fractions by 8. The teacher invites the student to explain and the ensuing discussion concludes that it is better to view the new fractions as the result of division rather than multiplication of the denominators.

	Group 4

	This group continued to investigate the problem using indices and derive a formula giving r in terms of p and q:
p-1 + q-1 = r-1

1 + pq-1 = pr-1 (multiply by p)
q + p = pqr-1 (multiply by q)
qr + pr = pq (multiply by r)
r(q + p) = pq (factorise the 
                          left-hand side)
r = 
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The teacher invites the group to check the formula. Using p = 4, q = 12

r =
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After further discussion guided by the teacher, the class agrees that (p + q) must be a factor of pq for r to be a whole number.


	Group 6
	A student from group 6 suggests using the formula to ‘connect’ it to the case when p = q. He gives the example of p = q = 6:
r = 
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	The teacher pushes the final discussion towards showing this

	
	algebraically.

If r = 
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Then r = 
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Can we find general results?





Prove it!





Counter-examples





Examples





What if …?       





Why do some values work and others do not?
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