Lesson Notes: The sum of two fractions equals their product                                                           © 2005  Andrew Blair                                                                         

The sum of two fractions equals their product.  
	Topics

	· Addition and subtraction of fractions

· Multiplication of fractions

· Algebraic fractions
	· Proof of conjectures

· Counter examples


Session 1 (30 minutes) Year 11 GCSE Higher tier class

The teacher studies the prompt, which leads to unsolicited suggestions from students:
What do ‘sum’ and ‘product mean?

It doesn’t work ever.

It works all the time (Teacher writes ‘true for
any values’).
It works only once. 
The teacher guides the class in explaining the terms of the statement. A student then volunteers to justify her statement on the impossibility of finding two fractions that ‘work’:

‘When you multiply fractions, the product always becomes smaller than either fraction, but when you add, the sum is always greater than the 2 fractions. For example, ½ x ½ = ¼, but ½ + ½ = 1.’
To this argument, the student who asserted that the statement was true all the time decides to retract the claim. Another student tries to find a way around the seeming impasse: ‘What about if we subtract the fractions instead of adding? Would it work then?’ 
At this point, a student interjects, expressing a sense of insecurity with the open-ended nature of the inquiry: ‘I don’t understand what we’re doing! What do we have to do?’ The teacher refuses to give direction: ‘I don’t know. You started this.’ Such refusal to direct the class encourages regulation from another student: ‘We could look for one example.’ The suggestion leads to work in pairs involving trial and improvement methods. A student announces that there might be examples if you use improper fractions. In a subsequent class discussion, different pairs present four examples in total:
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Session 2 (60 minutes) 
The teacher starts the second session with direct regulation of the class’s activity: ‘Could we use algebra to find a formula?’
One student suggests using a, b, c, d which she defines as whole numbers greater than one. The class engages in some algebraic manipulation guided by the teacher. The teacher writes on the board:
Manipulation 1:    
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Multiply by b:  a + 
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Subtract 
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 from both sides: a = 
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A student suggests that if a = 1, then   
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Therefore a ≠ 1 (which, the teacher points 

out, is how it was defined at the start).
Manipulation 2:
The teacher suggests the class starts differently, and writes on the board:
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After a discussion on multiplying fractions, the class agrees that the right-hand side equals 
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. Adding fractions leads to confusion, which is resolved when one student suggests the class uses the ‘cross method’ for adding numerical fractions and demonstrates with: 
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. This leads, with teacher regulation, onto:                        
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Using the prompt the class agrees:      
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which leads to:                                      ad + cb = ac
After the class has time to study the result, the following exchange occurs:
Student 1: ‘It can’t possibly work because a and c are multiplied on the right-hand side and only added on the left-hand side.’
Student 2: ‘But if b and d are big enough, then it can work.’
Teacher: ‘Can we isolate one variable to make a formula … for example, how could we get a = something?’
Student 3: ‘Divide by c.’
Teacher: ‘That still leaves a on this side (pointing to the left side).’
Student 4: ‘Factorise…’
Student 5: ‘Move the as (i.e. terms with a) to one side… Subtract ad from both sides.”
The student tells the teacher to write:        bc = ac – ad
                        bc = a(c – d)
                        a = 
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The teacher initiates a discussion on the relationship between bc and c – d. As a is a whole number (by definition), the class decides bc is a multiple of (c – d). In the final 15 minutes of the lesson, students find values for a, b, c and d using the formula and condition.







1 = � EMBED Equation.3  ��� - � EMBED Equation.3  ���





1 = � EMBED Equation.3  ��� (1 – b)


BUT 


b ≠ 1, leads to 1 = 0


b > 1 from definition, which makes the right-hand side negative unless c or d < 1, but c and d > 1 from the definition.





� EMBED Equation.3  ��� < � EMBED Equation.3  ���





bc is a factor of c. There is no value of b that satisfies the equation OR b is fractional or negative. This contradicts the definition of b.
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